We study the QCD vacuum orientation angles in correlation with the strong CP phases. A vacuum alignment equation of the dynamical chiral symmetry breaking is derived based on the anomalous Ward identity. It is emphasized that a chiral rotation of the quark field causes a change of the vacuum orientation and a change in the definition of the light pseudoscalar generators. As an illustration of the idea, η → 2π decays are carefully studied in different chiral frames. Contrary to the claim in Ref. [7] , the θ-term does not directly contribute to the CP-violating processes.
In QCD lagrangian of strong interactions, there are two possible sources of CP violation: the complex quark mass terms and the θ-term. It has been long realized that they are related to each other by chiral transformations associated with the quark fields. The physical effects of CP violation only depend on a chiral-rotation invariantθ defined as
( 1) where θ QCD is the coefficient of the θ-term, φ i is the phase of the ith quark mass term, and L f is the number of light quarks 1 . However, there is another source of CP-violating angles, the phases of the quark condensates, which arise from dynamical chiral symmetry breaking (DCSB)
where ψ is the quark field and C i 's, β i 's are real. The QCD vacuum orientation is characterized by a set of phases of the quark condensates. If the vacuum angle β i = 0 it follows that ψ i iγ 5 ψ i = C i sin β i = 0 which may also break CP symmetry since ψ iγ 5 ψ is a P-odd and CP-odd quantity. It has been proven by Vafa and Witten that whenθ = 0 and φ i = 0 for all i's, the parity symmetry in a vector-like theory such as QCD is not spontaneously broken [1] therefore β i = 0 or π [2] for all i's. Whenθ = 0, on the other hand, one generally expects that the CP-violating interactions in the lagrangian may result in a CP-asymmetric physical vacuum. The purpose of the present paper is to study the vacuum orientation in the presence of strong CP violation and its potential effects on CP-violating processes in strong interactions. We find that the phases of quark condensates can be completely determined as functions ofθ and φ i 's via a vacuum alignment equation. Thus β i 's are not spontaneously generated either even when the CP symmetry is explicitly violated byθ = 0.
Obviously, the quark condensates (2) cannot be referred to as fundamental parameters of the theory since they are subject to chiral transformations. In fact β i 's can be set to any values if we make appropriate chiral transformations for the quark fields. Such transformations 1 The inclusion of heavy quarks will not change our discussion significantly if they are in the normal phase.
Otherwise see Ref. [4] .
also change the phases of the quark masses, as well as the coefficient of the θ-term because of the chiral anomaly. But what is important is the correlation between the vacuum orientation and the distribution of the strong CP phases among θ-term and quark mass terms, which is to be determined by the vacuum alignment. The effective CP-violating interactions in low energy hadron physics (for instance, in current algebra) highly depend on this correlating feature. As we shall see below, the soleθ-dependence of the strong CP effects is proven only when the orientations of the vacuum are properly considered. In addition, it is of interest to study DCSB in the presence of strong CP violation in its own right.
One way of relating the phases of the quark condensates with θ QCD and φ i 's is to consider the so-called anomalous Ward identity [3] 
where 
In deriving (4a) we have assumed that the VEV's of the divergence of the gauge invariant current vanish. Eq.(4b) is the master equation of this paper. It is important to point out that if the DCSB does not occur, (4a) would vanish identically and there is no constraint on those phases. Indeed even though the quark condensate can be non-zero due to the explicit chiral symmetry breaking (ECSB) i. e. the quark current masses, it does not contribute to (4a) because it possesses a phase opposite to the phase of the quark mass φ i and renders the RHS of (4a) zero. This can be easily seen by taking the free-quark limit in which the condensate is calculated as
where Λ 2 is real. The substitution of (5) into (4a) yields FF = 0. Therefore, C i 's in (4a) should be understood as the purely dynamical condensates originating from DCSB. The kinematical part of the condensates that is induced by the ECSB and has a phase −φ i has been subtracted out in (4a). It is the DSCB combining with the topological structure of QCD Yang-Mills fields (the instanton effect) that makes the strong CP phases non-trivial and relates them to each other.
Eq. (4b) is not immediately useful to us since it has an unknown quantity FF . It involves no quark fields thus is independent of the chiral transformation. It is conceivable that FF is solely a function ofθ (not of φ i 's and β i 's separately). A rigorous proof can be made by summing over instanton configurations in QCD θ vacua. For simplicity, consider QCD with a single quark field ψ. The VEV's of FF is given by [5] 
where N is the normalization factor, V T is the volume of Euclidean space-time, and ν is the winding number of the instanton field configuration, and the fermion determinant results from the integration over the quark field. We have made an appropriate chiral transformation such that the quark mass is real and θ QCD =θ (we can always do so because the generating functional is invariant under the redefinition of integral variables). It is shown that when ν > 0 (< 0) i D ν has |ν| zero modes with negative (positive) chirality [6] . We thus obtain
where A |ν| (m 2 )'s are given in Euclidean space
Here λ r (A)'s are non-zero eigenvalues of i D ν . Clearly A |ν| (m 2 )'s are some real functions of m 2 and do not vanish as m → 0. Ifθ is small as it must be,
Combining (7) with (4b), we derive the so-called vacuum alignment equation (VAE) [4, 8] , which determines the orientation of the QCD vacuum in the presence of strong CP violation
Eq. (9) has proven that β i 's are not spontaneously generated even whenθ = 0. The conclusion of Vafa and Witten's theorem [1] can be extended to the case where parity symmetry is explicitly violated. A similar result has been worked out previously [8] from different points of view. If m i 's vanish, β i 's can be arbitrary. This is referred to as the degeneracy of QCD vacua when the ECSB is absent. Any vacuum characterized by a set of the vacuum angles β i 's is as good as others and the orientation of the DCSB is arbitrary. However, the importance of (9) is that when the ECSB is turned on, the ground state must align with it in such a way that (9) is satisfied. Though both φ i and β i are not physical parameters and can be changed through chiral rotations, their sum is uniquely determined by the physical parameterθ. When one is chosen the other is completely determined through making the vacuum alignment. As is emphasized by Dashen [9] , a misaligned vacuum, whose orientation angles do not satisfy (9) , may cause an inconsistency such as the goldstone bosons (pions) acquiring negative mass squares.
Once the DCSB and the ECSB align with each other, an absolute rotation of the whole system is of no concern. Thus a chiral transformation is allowed only if the corresponding change of the vacuum orientation has been taken into account. We can have two ways to make the vacuum alignment. We may choose one particular vacuum, for example, by requiring the quark condensate to be real
and ask what perturbation (the ECSB)
is aligned with it. Recalling that C i 's are dynamical condensates and thus
, we obtain by solving (9) for φ i 's, to O(m;θ)
where I is an identity matrix. We shall call the solution (10) 
basis (A). Another way is
to assume a certain pattern of the ECSB and to ask which one of the degenerate vacua corresponds to the perturbation. For example, we may choose the quark mass terms real
and determine the vacuum angle β i 's. Again, from (9) we have
and
Solution (12) is to be called basis (B). We would like to emphasize again that by performing the chiral rotation on quark fields one has switched the strong CP phases among the θ-term and quark mass terms, and obtained different lagrangians, each of which corresponds to a certain vacuum orientation. When calculating the strong CP effects we must take this into consideration to assure the correct result.
As an illustration, we compute the CP-violating η → 2π decays in two bases with a given θ. In basis (A) where the condensates are real, we apply the soft-pion theorem to extracting
where the pion decay constant F π ≈ 93MeV and we have used [Q a 5 , FF ] = 0. The broken generators of SU (3) A corresponding to light pseudoscalars are given by
where λ a 's are Gell-Mann matrices and λ
. (14) has been first derived by Crewther, Di Vicchia, Veneziano and Witten (CDVW) [10] . However, there have been doubts about the calculation since it does not explicitly exhibit the use of the topological non-triviality of the θ-vacuum. More concretely, one may shift the strong CP phases from θ QF D to θ QCD through chiral rotations and computes the amplitude, as one does in (14),
which is zero if one imposes the canonical commutation relation by which Q a 5 commutes with gauge fields. This contradiction has triggered a serious doubt on whether or not the strong CP phases lead to any physical effects at all [11] .
We believe that this concern is redundant. The vacuum alignment equation ( 
with
are not all equal. In other words, the vector charges defined as generators of SU(L f ) V do not annihilate the vacuum completely or
Clearly, the subgroup of SU(L f ) L ×SU(L f ) R which leaves the vacuum invariant must satisfy
where U L and U R are left and right unitary representations of SU(L f ). The broken generators, which excite the glodstone bosons known as pions, are those of the coset of the unbroken group. From (19) it is easy to understand that the broken group is not SU(L f ) A any more but to be rotated to β −1 SU(L f ) A β generated by δ. The pion generators, denoted byQ a 5 , are thusQ
i. e. , the pions are mixing of P-odd and P-even components.
Now that L CP (B) =θFF has no contribution to the amplitude, we have
, m}]}ψ
, m}}}ψ } where m is the diagonal mass matrix which is real in this basis. The first three terms in parenthesis come from the modification of the pion generators and the last term reflects the complexity of the condensates which is absent in basis (A). They are of the same order of m andθ. Manipulations of these commutators yield, to O(m;θ)
In deriving the final step of (22) we have substituted in ψ i ψ i = −C cos β i ≃ −C and ψ i iγ 5 ψ i = C sin β i ≃ Cβ i and solution (12). We therefore confirm that CDVW's result is independent of chiral frames.
We conclude that the study of the vacuum orientation of the dynamical chiral symmetry breaking provides us an improved understanding of strong CP violation. It has been shown that η → 2π decay occurs ifθ is non-zero. More precise experiment measuremental on the decay rate is encouraged to constrainθ .
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